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Aim: Species–area	 relationships	 (SARs)	are	 fundamental	 scaling	 laws	 in	ecology	al‐
though	their	shape	is	still	disputed.	At	larger	areas,	power	laws	best	represent	SARs.	






data	 from	vascular	plants,	bryophytes	and	 lichens	spanning	a	wide	 range	of	grass‐
land	types	throughout	the	Palaearctic	and	including	2,057	nested‐plot	series	with	at	
least	seven	grain	sizes	ranging	from	1	cm2	to	1,024	m2.	Using	nonlinear	regression,	







highly	 influential	 as	 rooted	 presence	 sampling	 decreased	 the	 performance	 of	 the	
power	function.	By	contrast,	biome	and	vegetation	type	had	practically	no	influence	
on	the	superiority	of	the	power	law.
Main conclusions: We	 conclude	 that	 SARs	 of	 sessile	 organisms	 at	 smaller	 spatial	
grains	are	best	approximated	by	a	power	function.	This	coincides	with	several	other	
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1  | INTRODUC TION
Species–area	 relationships	 (SARs)	 represent	 one	 of	 the	most	 fun‐
damental	 laws	 in	 ecology	 (Lawton,	 1999;	 Lomolino,	 2000).	 Since	




theoretical	 interest	 as	 different	 theories	 of	 island	 biogeography	
(e.g.	MacArthur	&	Wilson,	 1967),	 species	 abundance	 distributions	
(e.g.	Pueyo,	2006;	Šizling	&	Storch,	2004)	and	neutral	models	 (e.g.	
Hubbell,	 2001)	 predict	 different	 shapes	 of	 SARs,	 with	 the	 impli‐
cation	 that	observed	SARs	can	be	deployed	 to	 test	 such	 theories.	






of	 ecological	 drivers	 of	 biodiversity	 (e.g.	 Price,	 2004;	 Whittaker,	
Willis,	&	Field,	2001).	SARs	also	allow	extrapolation	of	species	rich‐
ness	to	larger	areas	that	cannot	be	surveyed	with	reasonable	effort	
(e.g.	Kunin	et	 al.,	 2018;	Plotkin	et	 al.,	 2000;	Ulrich,	2005;	Wilson,	








Historically,	 studies	 of	 SARs	 have	 largely	 been	 restricted	 to	
two	functions,	 (a)	 the	power	function	 (often	called	the	power	 law;	
Arrhenius,	 1921;	 Preston,	 1962)	 and	 (b)	 the	 logarithmic	 function	
(sometimes	erroneously	termed	the	‘exponential’	function;	Gleason,	
1922).	This	was	mainly	because	the	fit	of	these	two	functions	was	
easily	 explored	 using	 least	 squares	 linear	 regression	 techniques.	
A	 comparison	of	 a	broader	 set	of	 functions	became	possible	with	
the	advent	of	nonlinear	regression	techniques	 (e.g.	Dengler,	2009;	

































weöö,	 inspired	 by	 the	 still	 widespread,	 but	 flawed	 (see	 Barkman,	






Menten	 function	 demonstrates	 that	 richness	 within	 plant	 communities	 generally	
does	not	approach	any	saturation,	thus	calling	into	question	the	concept	of	minimal	
area.
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around	 small‐grain	 SARs	 was	 caused	 when	 confounding	 different	
sampling	schemes	with	SARs	in	the	strict	sense	(i.e.	those	originally	
considered	by	Arrhenius,	1921,	or	Preston,	1962).	For	example,	Stiles	
and	 Scheiner	 (2007)	 and	DeMalach	 et	 al.	 (2019)	 reported	 that	 the	
logistic	 function	 (a	 saturated	 function)	 and	 the	 logarithmic	 func‐
tion,	respectively,	performed	much	better	than	the	power	function.	
However,	 they	had	analysed	 species	 accumulation	 curves,	merging	











is	 composed	 of	 various	 grassland	 types	 (Török	 &	 Dengler,	 2018),	
some	 of	 them	 being	 the	 world	 record	 holders	 of	 small‐grain	 vas‐
cular	plant	diversity	(Wilson	et	al.,	2012).	A	large	proportion	of	the	
Palaearctic	grasslands	are	primary	grasslands	 such	as	 steppes	and	
arctic‐alpine	 grasslands.	 Even	 in	 regions	 where	 the	 potential	 veg‐
etation	 is	 forest,	natural	grasslands	occur	 in	azonal	and	extrazonal	








Here,	 we	 used	 more	 than	 2,000	 nested‐plot	 series	 from	 the	






1.	 Which	 function	 is	 most	 appropriate	 to	 describe	 small‐grain	
SARs?
2.	 Does	the	performance	of	the	different	functions	depend	on	fac‐
tors	 such	 as	 sampling	method,	 taxonomic	 group,	 biogeographic	
setting	or	vegetation	type?
2  | MATERIAL S AND METHODS
2.1 | Vegetation‐plot data
We	used	plot	data	from	the	collaborative	vegetation‐plot	database	

























For	 those	 nested‐plots	 series	with	more	 than	 one	 subplot	 for	 a	
certain	 grain	 size,	we	 averaged	 richness	 values	 across	 subplots	 and	
stored	the	information	on	how	many	subplots	the	average	was	based	











the	 power	 function,	 the	 logarithmic	 function	 (often	 erroneously	
termed	the	exponential	function)	and	finally	the	Michaelis–Menten	
function	as	a	simple	two‐parameter	example	of	a	SAR	with	satura‐







see	 also	 Figure	 S3.1)	 as	well	 as	 different	 complexities	 (number	 of	
fitted	parameters;	Table	1).
We	fitted	all	five	functions	for	both	species	richness	S	(S‐space;	
‘linear	 space’)	 and	 for	 log	 S	 (log	 S‐space;	 ‘logarithmic	 space’)	 as	
     |  5DENGLER Et aL.
dependent	variables	using	nonlinear	 regression	 (Table	1).	Both	ap‐
proaches	 are	 valid,	 have	been	used	 in	 the	 literature,	 and	have	dif‐






As	 fitting	 in	 log	 S‐space	 is	 not	 possible	 if	 some	 subplots	 have	
S	 =	 0	 (excluding	 such	 cases	 is	 not	 recommended;	 Dengler,	 2010;	
Williams,	1996),	we	addressed	this	issue	as	follows.	Fitting	nested‐
plot	 series	 in	 the	 optimal	 case	 means	 that	 the	 richness	 value	 for	




















TA B L E  1  The	five	function	types	used	in	this	study	to	model	species–area	relationships	(SARs).	All	functions	were	fitted	both	in	S‐space	
and	in	log	S‐space.	The	following	notations	are	used:	S	=	mean	species	richness;	A = area/m2;	log	=	log10.	The	k	fitted	parameters	(except	the	
variance)	are	termed	c,	z,	z1,	z2,	b0,	b1 and T
Function name Abbreviation k Formula in S‐space Formula in log S‐space Meaning of parameters
Power powSAR 2 S = c A^z log	S	=	log	c + z	log	A c	=	richness	at	unit	area	(1	m2);	
z	=	steepness	parameter	(exponent	in	
S‐space	or	slope	in	log	S‐space)
Power	quadratic powQSAR 3 S	=	10^(log	c + z1	log	A + z2 
(log	A)^2)
















parameter	for	A > T; z2	=	steepness	
parameter	for	A	≥	T
Logarithmic logSAR 2 S = b0 + b1	log	A log	S	=	log	(b0 + b1	log	A) b0	=	intercept	(in	S‐space);	b1	=	steep‐
ness	parameter
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grain	size	would	be	>0	if	there	was	at	least	one	species	in	the	largest	
plot.	However,	in	most	cases,	the	nested‐plot	sampling	schemes	in	











The	 five	models	were	 fitted	 in	R	 (Version	3.5.1;	R	Core	Team,	
2018)	using	a	combination	of	linear	and	nonlinear	regression.	Fitting	
in S‐space	 always	 employed	 nonlinear	 regression,	 and	 optimiza‐
tion	used	the	 ‘mle2’	function	 in	the	 ‘bbmle’	R	package	 (Bolker	&	R	
Core	 Team,	 2017).	 As	 the	 optimization	 algorithm	was	 sensitive	 to	
the	starting	parameter	values	provided,	a	brute‐force	approach	was	











for	 the	 relative	 appropriateness/superiority	 of	 the	 compared	 SAR	













fits	 (i.e.	 with	 different	 parameter	 estimates)	 with	 identical	 (maxi‐
mum)	likelihood	values;	here,	we	simply	selected	one	set	of	parame‐
ter	values	at	random.	Following	standard	statistical	convention,	the	






















vegetation).	 The	 R	 code	 used	 to	 run	 the	 analyses	 is	 available	 as	
Appendix	S7.
2.3 | Ranking and comparison of the SAR functions
We	ranked	model	performance	 in	five	ways.	First,	we	counted	for	
how	 many	 nested‐plot	 series	 a	 certain	 function	 performed	 best	
among	 all	 compared	 functions,	 using	 model	 selection	 based	 on	
AICc	 (Burnham	&	Anderson,	 2002).	 Second,	 for	 each	 function	we	
calculated	the	Akaike	weights	based	on	AICc	in	each	nested‐plot	se‐
ries.	Akaike	weights	can	be	 interpreted	as	 the	probability	 that	 the	
function	i	is	the	best	model	for	the	observed	data,	given	the	set	of	
five	 candidate	models	 (Johnson	&	Omland,	 2004).	 Third,	 for	 each	
function	 by	 nested‐plot	 series	 combination	we	 calculated	Δi,	 that	
is,	 the	 difference	 in	 AICc	 of	 the	 particular	 function	 compared	 to	
the	 respective	 best	 performing	 function	 (‘delta	AICc’).	 Fourth,	we	
ranked	models	using	R2adj.,	which	was	calculated	using	the	formula:	
1	–	(1	–	R2)	 (n	–	1)/k,	where	R2	 is	the	standard	R2,	n	 is	the	number	
of	data	points	 and	k	 is	 the	 residual	degrees	of	 freedom.	Fifth,	we	
determined	 the	 best	 performing	 function	 based	 on	 the	 Bayesian	
Information	 Criterion	 (BIC)	 as	 there	 is	 no	 clear	 agreement	 on	 the	








fluence	 the	 shape	of	 SARs	 (Dengler,	 2008;	Williamson,	2003),	we	
tested	 for	 an	 effect	 of	 some	 key	 sampling	 method	 aspects	 using	
ANOVAs	 and	 linear	 regressions:	 (a)	 shoot	 versus	 rooted	 sampling	
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the	performance	of	the	functions	depended	on	(d)	taxonomic	group	



















the	 second	 best	 model	 for	 bryophytes	 and	 lichens	 in	 S‐space.	
When	considering	BIC	 instead	of	AICc	 (Figure	S8.3),	 the	 ranking	
of	 functions	changed.	The	breakpoint	power	function	performed	
best	 followed	 by	 the	 ‘normal’	 power	 function	 and	 the	 quadratic	
power	function,	while	the	logarithmic	function	and	the	Michaelis–






















in S‐space	was	0.20	±	0.05	 (mean	±	standard	deviation)	 for	all	 taxa,	










3.2 | Factors influencing function performance
The	 relative	 performance	 of	 the	 five	models	was	 strongly	 influ‐
enced	 by	 several	 methodological	 factors:	 (a)	 rooted	 sampling	
drastically	decreased	the	relative	performance	of	the	power	func‐




of	 the	power	 function	was	much	worse	 than	when	an	averaging	
had	taken	place	(Figure	4,	Figure	S8.9).	(c)	The	number	of	included	
grain	 sizes	 (not	necessarily	 correlating	with	 the	grain	 size	 range)	
also	decreased	the	superiority	of	the	normal	power	function,	while	
the	two	other	variants	of	the	power	function	increased	in	relative	
performance,	 and	 together	 all	 three	variants	of	 the	power	 func‐
tion	were	even	more	superior	when	more	grain	sizes	were	sampled	
(Figure	S8.10).
Biome	 had	 hardly	 any	 influence	 on	 the	 superiority	 of	 the	
power	 function	 irrespective	of	 taxonomic	group	 (Figure	5).	Only	
for	 vascular	 plants	 the	 relative	 performance	 of	 the	 power	 func‐
tion	slightly	was	worse	in	the	 ‘Dry	tropics	and	subtropics’	and	in	
the	 ‘Subtropics	with	winter	 rain’	 than	 in	 the	 other	 four	 biomes.	
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Likewise,	the	18	different	major	vegetation	types	hardly	showed	
any	difference	 in	 the	superiority	of	 the	power	 function;	 the	 few	
significant	 differences	 in	 the	 ANOVA	 were	 mostly	 related	 to	
types	 with	 only	 very	 few	 replicates	 (indicating	 that	 this	 might	
just	be	a	 random	deviation	and	not	a	property	of	 the	 respective	
type)	 (Figure	S8.11).	However,	one	vegetation	characteristic	had	









major	 taxa	 and	when	 focusing	 on	 the	 complete	 vegetation.	Using	
AICc	and	R2	 as	measures,	 the	 ‘normal’	power	 function	was	on	av‐
erage	 the	 best	 model.	 Using	 BIC,	 the	 breakpoint	 power	 function	
prevailed,	 and	 the	quadratic	 power	 function	had	 a	 similar	 level	 of	
support	to	the	normal	power	function.	This	difference	is	not	aston‐





three	 variants	 of	 the	 power	 function	 are	 considered	 jointly,	 their	
prevalence	as	the	best	model	increased	from	c.	60%–90%	based	on	
AICc	to	c.	90%–95%	based	on	BIC.	With	our	simulation	(Appendix	




The	 general	 superiority	 of	 the	 power	 function	 was	 largely	
unaffected	by	taxonomic	group,	biome	or	vegetation	type.	This	
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islands,	 despite	 the	 very	 different	 study	 systems	 and	 scales.	
This	 suggests	 that,	 in	 spite	 of	 the	 commonly	 accepted	 notion	












This	 poses	 the	 question	 of	 why	 a	 single	 function	 (but	 with	
varying	 parameters,	 see	 next	 subsection)	 can	 be	 suitable	 across	
so	many	different	situations.	 In	fact,	power	 law	SAR‐like	relation‐















combined,	 followed	 by	 vascular	 plants,	 bryophytes	 and	 lichens,	
which	 corresponds	 to	 the	 mean	 species	 richness	 of	 each	 group.	
Moreover,	in	vascular	plants	(the	groups	with	the	biggest	dataset),	
we	 found	a	 strong	 increase	 in	 the	 superiority	of	 the	power	 func‐













the	 replication	of	smaller	subplots	 is	 increased	and	thus	 the	cal‐
culated	average	richness	is	closer	to	the	true	mean	richness.	This	
is	 in	 line	with	 our	 finding	 of	 best	 fits	 for	 the	Michaelis–Menten	
function	 for	bryophytes	and	 lichens	 in	S‐space.	As	 these	groups	








over	a	 century,	 should	be	completely	abandoned,	 as	has	already	
F I G U R E  5  Comparison	of	model	performance	of	the	power	function	expressed	as	AICc	weights	between	the	six	biomes	represented	in	
the	study.	The	displayed	values	are	for	the	S‐space	(results	in	log	S‐space	were	consistent)

















ple	 habitat	 types	 on	 the	 Curonian	 Spit,	 Russia	 (Dengler,	 2009),	
and	 the	 south‐eastern	United	 States	 (Fridley,	 Peet,	Wentworth,	
&	White,	2005).
While	we	could	 rule	out	 the	 logarithmic	 function	and	saturated	
functions	 as	 suitable	 models,	 at	 closer	 inspection,	 we	 found	 very	
small	but	consistent	deviations	from	a	power	function	with	a	uniform	














A	 few	 studies	 have	 found	 a	much	 better	 performance	 of	 satu‐
rated	and/or	logarithmic	functions	compared	to	power	functions	
at	 small	 spatial	 scales	 (DeMalach	et	al.,	2019;	Stiles	&	Scheiner,	
2007).	 However,	 these	 authors	 analysed	 species	 accumulation	
curves	and	species‐sampling	relationships	(SSRs;	Dengler,	2009)	
rather	than	SARs	in	the	strict	sense	(see	the	typology	of	Dengler,	
2009),	 and	 thus	 these	 findings	 are	 not	 surprising.	 Even	 though	
their	 SSRs	were	 also	based	on	 ‘areas’	 (and	 thus	many	 research‐
ers	 continue	 calling	 them	 SARs	 in	 agreement	 with	 Scheiner,	
2003),	 they	 have	 fundamentally	 different	 mathematical	 prop‐
erties	 (Dengler,	 2009).	 We	 illustrate	 this	 with	 our	 conceptual	
Figure	6	and	Table	2.	SSRs	(whether	based	on	individuals,	samples	
or	areas)	increase	sampling	intensity	within	the	same	pre‐defined	




forms	 well	 (or	 even	 better	 than	 the	 rather	 inflexible	 saturated	
Michaelis–Menten	function)	as	well	as	 (or	even	better	 than)	 the	
rather	inflexible	saturated	Michaelis‐Menten	function)	has	to	do	
with	 the	 similar	 shapes	 of	 the	 two	 functions	 –	 at	 smaller	 grain	
sizes	both	become	steeper	or,	in	other	words,	shows	an	increas‐






Uncertain	 richness	 estimates,	 particularly	 underestimations	
might	 also	mask	 fits	of	 the	power	 function	and	 increase	 the	 rela‐
tive	performance	of	other	models.	For	instance,	Guilhaumon	et	al.	
(2008)	 reported	 relatively	 poor	 performance	 of	 power	 functions	
and	large	uncertainties	in	predictions	of	global	hotspot	species	rich‐
ness	due	to	low	or	uncertain	sample	coverage.	This	coincides	with	
our	 finding	that	 the	superiority	of	 the	power	 function	was	 lowest	
for	bryophytes	and	lichens,	the	two	taxa	with	the	 lowest	richness	
in	 most	 cases,	 because	 low	 absolute	 richness	means	 that	 even	 a	
recording	 error	 of	 one	 species	 can	be	 a	 substantial	 relative	 error.	
Likewise,	the	superiority	of	the	power	function	increased	when	the	
mean	 richness	values	at	 small‐grain	 sizes	were	based	on	averages	
and	thus	more	reliable	than	when	they	were	based	on	single	counts.	
This	was	 also	 found	 by	Dengler	&	Boch	 (2008),	who	 argued	 that	
adding	 random	 noise	 to	 the	 true	 relationship	 by	 chance	will	 lead	
to	higher	 superiority	of	other	 functions	 in	 some	cases.	We	 found	
that	other	methodological	aspects	can	have	pronounced	effects	on	
model	superiority	even	when	focusing	on	SARs	in	the	strict	sense.	
Specifically,	 we	 found	 that	 the	 power	 function	 performed	 much	
better	for	shoot	presence	sampling	than	for	rooted	presence	sam‐
pling,	which	is	in	line	with	the	predictions	of	Williamson	(2003)	and	
Dengler	 (2008).	Theoretically,	 both	of	 the	widely	 applied	ways	 to	
record	 plants	 in	 plots	 must	 theoretically	 lead	 to	 deviations	 from	
the	shape	of	a	perfect	power	 function	 towards	 the	smallest	grain	
sizes,	with	 z‐values	 of	 the	 shoot	 presence	method	 approaching	 0	
and	those	of	the	rooted	presence	method	approaching	1.	However,	
the	deviation	from	a	relatively	constant	z‐value	at	larger	grain	sizes	











     |  11DENGLER Et aL.




12  |     DENGLER Et aL.
magnitude	 in	our	 study	–	despite	 the	very	wide	ecological	 and	
floristical	 gradients	 included	 (e.g.	 6	 of	 the	 10	 global	 biomes,	
18	major	 vegetation	 types).	 This	 is	 in	 line	with	 the	 findings	 of	
the	 equally	 comprehensive	 studies	 of	 Triantis	 et	 al.	 (2012)	 and	
Matthews	 et	 al.	 (2016),	 who	 found	 a	 similar	 superiority	 of	 the	
power	 function	 across	 many	 orders	 of	 magnitude	 for	 multiple	
taxa	 in	 true	 and	habitat	 islands	 at	much	 larger	 grain	 sizes	 than	
in	our	study,	but	equally	across	many	orders	of	magnitude.	The	
superiority	of	 the	power	function	has	also	been	shown	at	simi‐
lar	 grain	 sizes	 and	 in	 continuous	 vegetation	 as	well	 as	 habitats	
other	than	grasslands	(e.g.	forests	and	wetlands)	(Dengler,	2009;	
Fridley	 et	 al.,	 2005).	 This	 leads	 us	 to	 conclude	 that	 the	 power	
function	 is	 a	 suitable	 (and	mostly	 the	 best	 possible)	model	 for	
SARs	 in	 nearly	 any	 situation,	 provided	 the	 areas	 from	 which	
the	 relationship	 is	constructed	are	contiguous.	For	curves	con‐
structed	 from	 virtual	 areas	 consisting	 of	 non‐contiguous	 sub‐
units	(as	in	the	case	of	area‐based	species	accumulation	curves),	
a	saturated	function,	rather	than	a	power	function,	 is	 to	be	ex‐
pected	 (Dengler	 &	 Oldeland,	 2010).	 As	 a	 consequence,	 power	
functions	 are	 usually	 not	 suitable	 for	 estimating	 species	 loss	
due	 to	 habitat	 loss,	 as	 the	 remaining	 habitat	 is	 typically	 highly	
fragmented	(Hanski,	Zurita,	Bellocq,	&	Rybicki,	2013).	However,	





SARs	 provide,	with	 their	 exponent	 (z‐value),	 a	meaningful	 (and	
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